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Abstract
Motivated by a topological classification of tiling spaces by Barge and Diamond, we construct
extensions of zero-dimensional dynamical systems by blowing up a first-category invariant set. In
particular, it is possible to create an arbitrary number of asymptotic pairs in any dynamical system.
 2004 Published by Elsevier B.V.
MSC: 37B45
Keywords: Residual extension; Hyperbolic attractor
We study ways to create asymptotic orbits in one-dimensional flows, or equivalently
by results of Aarts and Martens [1], in zero-dimensional cascades. The motivation for our
study is a classification of Barge and Diamond [2] of one-dimensional tiling spaces by the
number of asymptotic orbits (tiling spaces admit a flow).
All topological spaces under consideration are separable, complete and metric. All
groups are countable, infinite and discrete. All group actions are right actions.
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Let (X,G) be a dynamical system, where G is an infinite countable group acting on
a space X. In particular, G is a subgroup of the homeomorphism group on X. A system
(E,G) is called an extension of (X,G) if there exists a surjective projection p :E → X
such that p(e · g) = p(e) · g for all e ∈ E. In particular, we are interested in extensions that
are almost bijective in the following sense.
Definition 1. Let (X,G) be a dynamical system. An extension p :E → X is called residual
if there exists a second category S ⊂ X such that p−1(p(x)) = {x} for each x ∈ S.
This notion of residual extension appears to be new, though related notions have been
studied in ergodic theory. Toeplitz sequences, for example, are residual extensions of
adding machines. We limit ourselves to extensions of zero-dimensional systems, motivated
by the following result.
Theorem 1. A dynamical system (X,G) with a discrete transformation group admits a
zero-dimensional extension.
Proof. The product XG admits a natural G-action defined by (xg) ·h = (xg·h). Let ι :X →
XG be the embedding ι(x) = (x · g−1)g . Then
ι(x) · h = (x · g−1)gh =
(
x · (gh−1)−1)
g
= (x · h · g−1)g = ι(x · h),
so ι (semi)-conjugates the G-action on X to XG and the dynamical system (X,G) is
equivalent to its image under ι. There exists a zero-dimensional space Z and a surjective
projection p :Z → X. By taking products we get a surjective projection π(p) :ZG → XG.
Now π(p) (semi)-conjugates the natural G-action on XG to the natural G-action on ZG.
Hence the preimage of ι(X) under π(p) is a zero-dimensional extension of (X,G). 
Lemma 1. Let P be a closed subset with empty interior of a zero-dimensional space X.
Then X \ P can be partitioned into open sets {Uk: k ∈N} such that ∂Un = P for all n.
Proof. Since X is separable there exists a countable set V = {xn: n ∈ N} in X \ P such
that lim supV = P . Partition N into pairwise disjoint infinite sets Nk for k ∈ N such that
each Vk = {xn: n ∈ Nk} has lim supVk = P . For a fixed n, let dn be inf{d(xn, xm): m = n}.
Since V is discrete dn > 0. Let Bn be a non-empty clopen subset of B(xn, dn/3). Define
Vk as the union of {Bn: n ∈ Nk}. The complement W of ⋃Vk is clopen in X \ P . Define
U1 = W ∪ V1 and Uk = Vk for k > 1. 
Recall that a subset P ⊂ X of a dynamical system is called wandering if P ∩ P · g = ∅
for all g ∈ G \ {e} and that a dynamical system is minimal if all its orbits are dense.
Theorem 2. Suppose that S is a compact space and that (X,G) is a minimal zero-
dimensional system. Suppose that P ⊂ X is a closed wandering subset with empty interior.
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and such that p−1(p(x)) is homeomorphic to S if x ∈ P ·G.
Proof. By the lemma, there exists a partition of X \ P into open sets with ∂Un = P . Let
Q ⊂ S be a countable and dense subset and let ν :N→ Q be a bijection. Define f :X \
P → Q by f (x) = ν(n) iff x ∈ Un and put D = X \ (P ·G). Define F :D → QG by
F(x)g = f (x · g−1). The graph Γ (F) ⊂ D × QG is a subset of X × SG that is invariant
under the natural G-action ((x, sg), h) → (x · h, sg·h). Let E be the closure of Γ (F) in
X×SG and let p :X×SG → X be the natural projection (a closed map). Then p :Γ (F) →
D is a homeomorphism, so p :E → X is a residual extension. We still need to show that
the preimage of an element in P ·G is homeomorphic to S and that E is minimal.
Suppose that x ∈ P and that y = (x, sg) is any element of p−1(x) ∩ E. Since P is
wandering, if g = e then x · g ∈ X \ P and f (x · g) is well defined. This implies that
sg = f (x · g) if g = e. We need to show that se can be any element of S. For a finite
choice of elements F = {gi ∈ G \ {e}} let Un(i) be the open set that contains x · gi . Then
V =⋂Un(i) ·g−1i is a neighborhood of x for each gi ∈ F . Since ∂Uk = P for any k ∈Nwe
may choose xk ∈ X\P ∩V ∩Uk . Then F(xk) = (xk, sg) with sg = f (x ·gi) for each gi ∈ F
and se = ν(k). It follows that for every s ∈ Q there exists an element (x, sg) ∈ p−1(x) with
se = s. Since Q is dense in S we conclude that p−1(x) is homeomorphic to S.
Finally, we need to demonstrate that E is minimal. By the minimality of X and by
closedness of p, for every y ∈ E the closure y ·G projects onto X. In particular y ·G
contains Γ (F), which is dense in E, so y ·G = E. 
Suppose that Y admits a one-dimensional minimal flow. Then there exists a zero-
dimensional section X which admits a minimal homeomorphism. By using a single point
set P and a finite set S, Theorem 2 shows there exists a residual extension E of X such
that only the orbit of P is “blown up” into finitely many asymptotic orbits. A suspension
of E provides a residual extension E′ of Y with new asymptotic orbits.
2. Hyperbolic attractors
Substitution tiling spaces are a special type of hyperbolic attractor or generalized
solenoid. We show how to split the leaves of such an attractor without losing the hyperbolic
action. We describe this construction without going into all the details of the definition of a
hyperbolic attractor, which can be found in [3]. We only consider one-dimensional attrac-
tors.
A finite graph Γ is a branched manifold Γ if all its vertices have degree 3. In particular,
Γ has no end points. The vertices of Γ are called branch points. A hyperbolic attractor
is an inverse limit space H = lim←(Γ,f ) with a bonding map f :Γ → Γ that has spe-
cial dynamical properties. It is a dynamical system under the shift map. We shall refer to
the bonding map as a branched map. It is an expanding immersion that has no wandering
points and no periodic branch points, which results in nice topological properties. Hyper-
bolic attractors have a local product structure of a Cantor set and an arc and all their arc
components are dense.
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obtain a new branched manifold Γ˜ . An identification of I and J gives a projection p : Γ˜ →
Γ . If I contains no branch points then we shall say that J is a bubble over I and we shall
call p a bubble projection. If f˜ : Γ˜ → Γ˜ is a branched map such that p ◦ f˜ = f ◦ p then
we say that f˜ is a bubble map over f . The projection of the inverse limit H˜ over (Γ˜ , f˜ )
onto H (semi)-conjugates the shift maps.
Theorem 3. Suppose that H = lim←(Γ,f ) is a hyperbolic attractor and that f has a
fixed point p ∈ I ⊂ Γ such that f−1(p) contains at least three points. Suppose that Γ˜ has
a bubble J over I and that q ∈ J corresponds to p. Moreover, suppose that f˜ is a bubble
map fixing both p and q , such that both f˜−1(p) and f˜−1(q) contain at least two points.
Then the projection of H˜ to H identifies the arc components of (p) and (q) and it is 1–1
on their complement.
Proof. Denote the projection by π : H˜ → H . Suppose that (xi), (yi) ∈ H˜ are different
elements that have the same image under π . Let i be the first index such that xi = yi . Then
xi and yi are elements of I ∪ J that are identified by the bubble projection. If xi+1 or yi+1
is not an element of I ∪ J then xi+1 = yi+1 contradicting xi = yi . So we may conclude
that xj , yj ∈ I ∪ J for all indices j > i. By the expansiveness of f˜ , the sequences xi and
yi converge to the fixed points p and q of f˜ . So one element must be in the component of
(p) and the other must be in the component of (q). Indeed, H˜ is a hyperbolic attractor that
is identical to H except for one arc component that has been split open. 
We conclude with an illustration of this result by splitting a component of a solenoid. In
particular, we construct an extension of the odometer on the 3-adic integers Π{0,1,2} by
blowing up one orbit to an asymptotic pair, as follows. A 3-adic integer is a sequence an of
numbers 0,1,2. For any such sequence we define a sequence in Π{0, 0¯,1,2, 2¯} by putting
bars over zeroes and twos, as follows. If an = 0 or an = 2, put a bar if and only if the first
am = an with m> n is a 1. This is well defined, unless the sequence has a constant tail. If
that is the case, then either put a bar over the entire tail, or put no bar at all. The result is a
subset Σ of Π{0, 0¯,1,2, 2¯} that is invariant under the shift (it is a sofic system) for which
addition of 1 with a carry over is well defined. The extension p :Σ → Π{0,1,2} is 1–1
outside a single orbit, on which it is 2–1.
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